Abstract. Two parallel stacks of coupled Josephson junctions are investigated to clarify the physics of transitions between the rotating and oscillating states and their effect on the IV-characteristics of the system. The detailed study of phase dynamics and bias dependence of the superconducting and diffusion currents allows one to explain all features of simulated IV-characteristics and demonstrate the correspondence in their behavior. The coupling between JJ in the stacks leads to the branching of IVcharacteristics and a decrease in the hysteretic region. The crucial role of the diffusion current in the formation of the IV-characteristic of the parallel stacks of coupled Josephson junctions is demonstrated. We discuss the effect of symmetry in a number of junctions in the stacks and show a decrease of the branching in the symmetrical stacks. The observed effects might be useful for development of superconducting electronic devices based on intrinsic Josephson junctions.
Introduction
A strongly anisotropic high-T c superconductor (HTSC) forms a natural stack of Josephson junctions (JJ) and shows the intrinsic Josephson effect [1] . A model for describing the physical properties of intrinsic JJs in HTSCs, including nonlinear effects and various nonequlibrium phenomena, is offered by a system of coupled JJs [2, 3] . It should be emphasized that the system of coupled JJs is a promising object in the HTSC electronics, which has been extensively studied in recent years [4, 5, 6, 7, 8] . In particular, broad possibilities for various applications are offered by the recently discovered coherent electromagnetic radiation of noticeable power in a terahertz frequency range, that is generated by the intrinsic JJs [9] . An interesting aspect of this phenomenon is that the emission is related to a certain region on the currentvoltage characteristic (IV-characteristic), namely, that it corresponds to the parametric resonance (PR) in the JJ system [10, 11] . Numerical modeling of the IV-characteristics predicts important properties of the system of coupled hysteretic intrinsic JJ (IJJ) with McCumber parameters from 4 to 25 or even higher and describes its phase dynamics in the branching (hysteretic) region of interest [12] .
For some applications it is interesting to consider the circuits which consist of two stacks of coupled JJ connected in parallel shown in Fig. 1(a) . In the simplest case N1=N2=1, this is the well-known superconducting quantum interference device (DC-SQUID). The main advantage of these devices based on HTSC is a possibility to operate at liquid nitrogen temperature (77 K) in comparison with the traditional SQUIDs operating at liquid helium temperature (4,2 K). Modern HTSC DC SQUIDs are usually based on so-called grain-boundary junctions [13] . In this case, junctions are formed by the epitaxial grow of the HTSC films on the substrates with a certain topology and Josephson current flows parallel to the substrate surface (ab direction). This way the junction interface is not under control and the faceted nature (meandering) of the grain-boundary provides the spread of the junction parameters. Moreover, for the high angle of the grain misorientation, this type of junctions is described by the model of strongly inhomogeneous Josephson junctions [14] .
For DC-SQUIDs the appearance of resonance features corresponding to the inductance L and capacitance C of the circuit like separate rc-branches was reported [15, 16, 17] . Additional strong influence of the external magnetic field leads to socalled "beating branches". Two junction SQUID can be extended to symmetric as well as asymmetric multi-junction loops, see [20, 18, 19] and references therein. This type of circuits have a very complex dynamics. Multi-junction SQUIDs based on IJJs and Shapiro steps in a DC-SQUID with multiple identical junctions in each arm were investigated. [21, 22, 23] Different electronic devices based on IJJ, including SQUIDs and voltage standard arrays, are possibly work at liquid nitrogen temperature [7, 24] . One advantage can be to replace single artificial JJs by IJJ as a series connection. In the case of voltage standard as well as for radiation sources in the THz region the performance can be enhanced by a larger number of IJJ distributed in different coupled stacks [24, 25] . Tunable oscillators at THz frequencies from IJJ are of high interest for applications [26, 27, 28] . To get a coherent radiation output, the stacks have to be synchronized [29] . Multi-junction SQUIDs are very interesting, too [30, 31, 32, 29] , e.g. because of higher voltage signals.
An interface of artificial Josephson junctions with current flowing perpendicular to the substrate surface (c-direction), similar to the conventional technology for low temperature superconductors, can be controlled better. However, due to the extremely short coherence length of HTSC materials, such type of junctions is difficult to realize. Even junctions between HTSC and low-temperature superconductor in the c-direction usually having a small critical current density and low I c R n (here I c is the critical current and R n is the normal resistance of a junction) product, make them useless for applications [33] . Therefore, to use an intrinsic ("natural") Josephson junction is an alternative option. In the frame of this approach, a nonlinear element is supposed to be a stack of junctions. However, a direct use of these stacks faces a problem of intensive branching of their current voltage characteristics leading to the complexity of analysis of the data and preventing their application for magnetometery. So, a great challenge is to develop the principles and methods to exclude such switching of Josephson junctions and remove the main barrier on the way of creation of reliable SQUIDs based on this type of stacks. The coupling between junctions leads to the creation of the rotating (the time average of
is constant and that of sin(ϕ(l)) is zero, ϕ(l) is the phase difference of lth JJ) and oscillating (the time average of ∂ϕ(l) ∂t is zero and that of sin(ϕ(l)) is constant) states [34] . The oscillating state (O-state) is one of the new elements which appear in IJJ in comparison with single JJ. The O-state can be realized if the number of junctions in the stack is more than two. In the framework of the present paper we make the first step in this direction and for the first time present the detailed study of the current voltage characteristics branching mechanism related to the switching of Josephson junctions in the stacks between the states with rotating and oscillating phases.
There is a series of experimental papers demonstrating the creation of SQIDs based on the stacks of IJJ in layered superconductors. Kim et. al. [30] made a SQUID based on IJJ (IJJ-SQUID) of BSCCO wiskers. Also a group of A. Irie [31, 32] created an IJJ-SQUID and demonstrated the modulation of voltage by variation of applied magnetic flux. These results prove the possibility to create IJJ-SQUIDs. The theoretical background of IJJ-SQUID was made by V. M. Krasnov [35] . However they could not realize the collective behavior of IJJ in the stacks. The main reason was the intensive switching of Josephson junctions in the stacks between the states with rotating and oscillating phases. These transitions lead to the branching of current voltage characteristics and make a barrier on the way of creation of IJJ-SQUIDs.
On the other hand, an interesting application of a simple model describing the dynamics of the intrinsic Josephson junction stacks in the presence of a hot spot by two parallel arrays of pointlike Josephson junctions and an additional shunt resistor in parallel was presented in Ref. [36] The used model allowed one to explain the experimental results on the linewidth of terahertz radiation emitted from intrinsic Josephson junction stacks.
In this paper, we have presented the results of simulation of two parallel stacks with a different number of JJs. To clarify the physics of switching between different states, we study the system with a small number of JJs in the stacks. In comparison to the well-known capacitively coupled Josephson junction (CCJJ) model [37] we use the model with a diffusion current (CCJJ+DC model) [38] . We have demonstrated that taking into account the diffusion current makes it possible to escape the branching of IV-characteristics with an equal number of JJs in the stacks. We clearly show the switching mechanism by analysis of superconducting current and IV-characteristics of all JJs in both stacks. The comparison of the results for CCJJ and CCJJ+DC models stresses the importance of diffusion current in the switching processes.
The paper is organized as follows. In Sec. II, we introduce the model and describe the simulation procedure and parameters of simulations. A general consideration of the IV-characteristics for stacks with a different number of Josephson junctions is presented in Sec. III. In Sec. IV we discuss the case with one and three junctions in the stacks and show all transitions happen with the junctions with increasing and decreasing bias current. The case with two and three junctions is analyzed in Sec. V. In Sec. VI, we present the symmetrical case with three junctions in both stacks. We compare and explain the results for CCJJ and CCJJ+DC models. Finally, Sec. VII concludes the paper.
Model and method
A system of N + 1 superconducting layers in an anisotropic HTSC, which is characterized by the order parameter ∆ l (t) = |∆| exp(iθ l (t)) with the time dependent phase θ l (t), comprises N Josephson junctions [1] . Figure 1 (a) shows a schematic diagram of this layered system. Superconducting layers, which are numbered by l running from 0 to N and characterized by the time-dependent order parameters with moduli ∆ l and phases θ l , form a system of IJJs with phase differences ϕ l = θ l − θ l−1 ; d s and d are the thicknesses of the superconducting and dielectric layers, respectively.
The thickness of superconducting layers (about 3Å) in an HTSC is comparable with the Debye length r D of electric charge screening. Therefore, there is no complete screening of the charge in the separate layers, and the electric field induced in each IJJ penetrates into the adjacent junctions. Thus, the electric neutrality of superconducting layers is dynamically broken and, in the case of the alternating current (ac) Josephson effect, a capacitive coupling appears between the adjacent junctions [37] . The absence of complete screening of the charge in the superconducting layer leads to the formation of a generalized scalar potential Φ l of the layer, which is defined in terms of the scalar potential φ l and the derivative of phase θ l of the superconducting order parameter as follows:
2eI c / C j is the plasma frequency, I c is the critical current, and C j is the capacitance of JJ. The generalized Phase dynamics and IV-characteristics of two parallel stacks of coupled Josephson junctions5 scalar potential is related to the charge density Q l on the superconducting layer [37, 39] . The existence of a relationship between the electric charge Q l of the lth layer and the generalized scalar potential Φ l of this layer reflects the nonequilibrium nature of the ac Josephson effect in layered HTSCs [39] .
When an external current passes through the stack of coupled Josephson junctions, the system appears under nonequilibrium conditions [39] . The Josephson relation is generalized in this case. Also the diffusion contribution to the quasiparticle current arises due to the generalized scalar potential difference
where R j is the resistance of the Josephson junction in the resistive state and N(0) denotes the density of states on the Fermi level. The structure of the IV-characteristics in the capacitively coupled Josephson junction model with diffusion current (CCJJ+DC model) is equidistant [38] in agreement with the experiments [40] . In Ref. [41] , it was demonstrated that the diffusion current plays an important role in the formation of the IV-characteristics, particularly, determining the width of the hysteretic region.
To investigate the phase dynamics of IJJ, we use the one-dimensional CCJJ+DC model with the gauge-invariant phase differences ϕ l (t) between S-layers l and l + 1 in the presence of electromagnetic irradiation described by the system of equations:
where t is dimensionless time normalized to the inverse plasma frequency ω
, β c is the McCumber parameter, α gives the coupling between junctions [37] , A is the amplitude of the radiation. For simplicity, we assume that the parameters of all junctions are equal. In a real case, there will be some spread in junction parameters which gives limited locking ranges for synchronization, see e.g. [42] , but we like to demonstrate the main effects on the IV-characteristics here.
To find the IV-characteristic of the stack of intrinsic JJs, we solve the system of nonlinear second-order differential equations (1) using the fourth order Runge-Kutta method. In our simulations, we measure the voltage in units of V 0 , the frequency in units of ω p , the bias current I and the amplitude of radiation A in units of I c . We note that different kinds of couplings between junctions, like inductive coupling in the presence of magnetic field [43] , capacitive [37, 44] , charge-imbalance [45] and phonon [46, 47] couplings determine a variety of IV-characteristics observed in HTSC. The influence of these couplings on the parametric resonance in the system is still an open problem.
The important information concerning the resonance features of intrinsic JJ in HTSC can be obtained by detailed investigation of the charge dynamics of superconducting layers. To study the time dependence of the electric charge in the S-layers, we use the Maxwell equation div(εε 0 E) = Q, where ε and ε 0 are relative dielectric and electric constants, respectively. The charge density Q l in the S-layer l is proportional to the difference between the voltages V l and V l+1 in the neighbor insulating layers
The details of the simulation procedure are presented in Refs. [11, 48] . The electrical scheme of the two parallel connected stacks is presented in Fig.1(b) . The first stack consists of N 1 IJJ, the second one includes N 2 IJJ. The total current through the system is the sum of currents through each stack I = I 1 + I 2 .
To describe the dynamics of coupled JJ in the stacks, we use the CCJJ+DC model [10, 41] . In the framework of this model the corresponding currents I 1 and I 2 are determined by the expressions
where U m and ψ m determine the voltage and phase difference of the m-th JJ in the first stack, while V l and ϕ l in the l-th JJ of the second stack. The values of C i , I ci and R i with corresponding indices i = 1, 2 express the capacitance, critical current and resistance of JJ in the first and second stacks, respectively. The generalized Josephson relation for the first and second stacks are written in the form 2e
where α 1 and α 2 are determined by the coupling parameter between JJ in the first and second stacks, respectively. Let us go to the dimensionless values, normalizing time t to the plasma frequency of JJ in the second stack ω p = 2eI c2 /(C 2 ), voltage -to V 0 = ω p /(2e), external current I -to the critical current I c2 of the JJ in the second stack. Rewriting equations (3) and Phase dynamics and IV-characteristics of two parallel stacks of coupled Josephson junctions7 (4) and taking into account that, the sums of the voltages in the first and second stacks are equal to each other
k=1 V k we get the system of nonlinear equations :
where
/(2eI c2 C 2 ) and µ = β/R. The elements of the matrix B are determined as B lk = C + N 1 δ lk , where δ lk -Kronecker' symbols. The system of equations (5) are solved numerically by the Runge-Kutta fourth order procedure. As a result, we find the phase differences ψ m (t), ϕ l (t) and votages U m (t), V l (t) as functions of time in the interval [0 ÷ T max ].
To find averages of the voltagesŪ m andV l at each step of bias current, we usē
where T min and T max are the low and high limits of the averaging interval, respectively. In the last expressions, the numerical integration has been done by the rectangular method. The total average voltages are calculated as
To find IV-characteristics for separate stacks, i.e.Ū(I 1 ) andV (I 2 ), we calculate I 1 and I 2 . As it is known, in the CCJJ+DC model through each JJ flow the superconducting current I s , quasiparticle I qp , diffusion I dif and displacement I disp currents. In the normalized units these currents for the first and second stacks are determined by:
Using these expressions we find the currents I 1 (t) and I 2 (t) through each stack as a function of time. The calculated values of currents are averaged by the same scheme we used for averaging the voltage. As a result, we get the averaged values of the currents I 1 andĪ 2 , which determine the IV-characteristics of each stack because the voltages in the both stacks are found already.
In our simulations we consider that all JJ in both the stacks are identical, i.e. C = 1, 
Switching in the parallel stacks: general consideration
The system presented in Fig. 1(a) looks very simple, but it actually demonstrates a very complex behavior and is characterized by many different parameters and dependences. Particularly, by (i) total IV-characteristics giving voltage of the stacks as a function of the total bias current I, (ii) IV-characteristics of each stack giving voltage of the stack as a function of the corresponding current I 1 or I 2 , (iii) IV-characteristics of each IJJ in the stacks. The system is also characterized by superconducting, quasiparticle, displacement and diffusion currents through the stacks and their dependence on the corresponding currents I 1 , I 2 and I. All these characteristics are determined by the phase dynamics of the system, which in its turn is determined by the time dependence of the phase differences and voltages in each JJ of the stacks.
First, we consider the one-loop IV-characteristics giving the voltage of the stacks as a function the of total bias current I. The results of simulations for the structures with a different N 1 = 1, 2, 3 and the same N 2 = 3 are presented in Fig. 2 . We see that The IV-characteristic in the case of 1-3-structure (N 1 = 1, N 2 = 3) has three branches: "R3", "R2", and "R1". The analysis of the averaged time derivative of the phase for each JJ of the stack shows that these branches reflect the states with a different number of rotating JJ in the second stack. The branch "R3" corresponds to the state with all three JJ in the R-state, the branch "R2" corresponds to the state with 2 JJ in the R-state and one JJ in the O-state, the branch "R1" corresponds to the state with 1 JJ in the R-state and 2 JJ in the O-state.
In the case of 2-3-structure the IV-characteristic has two branches: the first corresponds to the state with all three JJ in the R-state, the second one reflects the state with one JJ in the O-state and two JJ in the R-state. We will show below that these two junctions in the R-state have a transition to the superconducting state (zero voltage state) simultaneously.
In the case of the 3-3-structure the IV-characteristic has no inner branches at all: 3 JJ do not demonstrate any intermediate jumps to the O-states. All JJ in the stacks undergo to the zero voltage state simultaneously at the same bias current.
Based on the presented results we might come to the conclusion that the system prefers to be in the state with both stacks having an equal number of JJ in the R-state with approximately the same value of voltage. In all considered cases the jumps to the zero voltage state happen from these states, escaping transitions of JJs to the O-states, i.e., the system prefers symmetry related to the voltage distribution between the stacks! Let us make more detailed analysis of different cases.
Case 1-3
Consider the case when N 1 = 1 and N 2 = 3 (see Fig. 1(b) ). First, we analyze the voltage in the second stack as a function of the corresponding current I 2 , i.e. V (I 2 ). Fig. 3(a) presents the IV-characteristics of the second stack calculated with a decrease of the current I 2 .
We see here also three branches R3, R2, and R1, related to the states of the stack with the corresponding number of junctions in the rotating state. Figures 3(b,c,d) show the IV-characteristics V j (I 2 ) of each junction in the stack. Follow the IV-characteristic by decreasing voltage we note that the first transition to the oscillating state happens with the first JJ, then third one, and lastly all three JJ undergo to the zero voltage state S. When the first JJ transits to the oscillating state O, the second and third ones transit to the rotating state R ′ . At the next transition, when the third JJ transits to another oscillating state O ′ , the first one also transits from O to the O ′ -state, but the second JJ transits to another rotating state R ′′ . At the third transition, all JJ undergo to the S state. So we see clearly the correspondence between all transitions of JJs in the second stack.
These transitions in the second stack affect the behavior of JJ in the first one. Figure 4 presents the IV-characteristics of the first stack calculated also with a decrease of the bias current. It reflects all jumps of JJs in the second stack by breaks in the curve. The corresponding jumps are shown by the arrows. At these points the frequency of JJ of the first stack changes abruptly. We see that the first jump happens at the voltage V = 4.378 which coincides with the corresponding value in Fig. 3(a) . The same is correct concerning the other jumps. We see also that the first jump at V = 4.378 happens at current I 1 much larger than I 2 at the corresponding jump presented in Fig. 3(a) . The decrease in I 1 is compensated by the increase of I 2 observed in Fig. 3(a) .
To make clear the jumps increasing the current I 2 through the second stack and decreasing I 1 through the first one, we study the corresponding changes of the superconducting current along the IV-characteristic. I. The prime letters refer to the I s curve. The voltage decreases along the root A → B → C → D → E → S reflecting the transitions of JJs in the stack from the R-states to the O-states. The jump at point A correspond to the transition of the first junction. We see that at this jump A → B on the IV-curve the decrease of I 2 is compensated by the increase of the superconducting current A ′ → B ′ on the I s dependence. Along the branch BC the superconducting current decreases, following the root B ′ C ′ . Then a jump happens from C to D, i.e., to the state with two oscillating JJ and we observe the corresponding increase of I s along C ′ D ′ . Then the superconducting current decreases following D'E'. From point E transition to the superconducting state is realized.
Case 2-3
Let us now consider the case 2 − 3, i.e., two JJ in the first stack and three JJ in the second one. The corresponding IV-characteristic of the first stack (marked by letter V) and the IV-characteristics of its JJs (V 1 , V 2 ) calculated with a decrease of the bias current are presented in Fig. 6 . We see that the IV-characteristics of JJs in this stack coincide. Both stacks jump to the superconducting state simultaneously, stresses the conclusion in the end of Section III. Figure 7 (a) presents the IV-characteristic of the second stack calculated also with a decrease of the bias current. We see two branches R3 and R2 related to the states of the stack with the corresponding number of junctions in the rotating state. Figures 7(b,c,d) show the IV-characteristics of each junction in the stack. It is clear from these figures that the first transition to the oscillating state O happens with the first JJ. Both other S-state Figure 6 . IV-characteristic of the first stack (V) and IV-characteristics of its JJs (V 1 , V 2 ) of the 2-3-structure calculated with a decrease of the bias current.
JJs go to the rotating state R ′ . At the next transition all three junctions undergo to the superconducting state. 6. Symmetrical case: the 3-3-structure
From the previous consideration we have noted that there is an important reason for a different behavior of the 1-3-and 2-3-structures. The reason is related to a symmetry of the system. The 2-3-structure has a possibility to jump to the symmetrical state with two JJs in both stacks. This state is stable and all four JJs undergo to the zero voltage state simultaneously with a decrease of the bias current. This idea is also supported by simulation of the parallel connection of the stacks with 3 JJs in each of them. As it demonstrated in Fig. 2 , the corresponding IV-characteristics do not demonstrate any intermediate jumps! The JJs in the stacks undergo to the superconducting state simultaneously at the same bias current. It was demonstrated in Ref. [41] that the diffusion current plays an important role in suppressing branching in the IV-characteristics of the single stack of coupled JJs. We consider that in our case of two parallel stacks the absence of branching in the IVcharacteristics has the same origin: It is an effect of the diffusion current. To test this idea we simulate the IV-characteristics of parallel stacks in the framework of the CCJJ model that does not include a diffusion current and compare with the results of the CCJJ+DC model with the same parameters of the system. The results of simulations for the 3-3-structure are presented in Fig. 8 . To make features more pronounced we simulated the IV-characteristics at α = 1. We see the branching of the IV-characteristic in the CCJJ model around the critical Phase dynamics and IV-characteristics of two parallel stacks of coupled Josephson junctions14 current and in the hysteretic region. However the IV-characteristic of the CCJJ+DC model with the diffusion current demonstrates a collective behavior of JJs, i.e., without transitions to any rotating and oscillating states.
The question then arises what suppresses such transition in this model. The answer can be found in Fig. 9 . The diffusion current changes its direction along the stack making the intermediate states unstable and forcing the system transit to the final state. [41] The behavior of the diffusion current around the critical value I c is shown in Fig. 9(a) . We see that at the transition point the 1st and 3rd JJs have positive I dif but the 2nd one has negative value, i.e. opposite direction. The same features are observed in the hysteretic region presented in Fig. 9(b) . The diffusion current in the first stack reflects this behavior.
Conclusions
We studied the phase dynamics of two coupled parallel stacks of identical IJJ. We demonstrated that taking into account the diffusion current allows one to escape the branching of the IV-characteristics with an equal number of JJs in the stacks. We showed clearly the switching mechanism by analysis of the superconducting current and IV-characteristics of all JJs in both stacks. The comparison of the results for the CCJJ and CCJJ+DC models stress the importance of the diffusion current in the switching processes.
The coupling by dc as well as intrinsic rf currents plays an important role for synchronization of the junctions and locking ranges of common parts of the IVcharacteristics. The coupled stacks of IJJ have potential for different applications like voltage standard, THz radiation sources and SQUID-like devices. Additional interest in IJJ arises because the new iron-based superconductors show intrinsic Josephson effects, too, see e.g. [49, 50, 51] .
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